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A bst r act

In light of the growing interest in agent -based market models, we bring
together several earlier works in which we considered the topic of self-
consistent market modelling. Building upon the binary game st ructure
of Challet and Zhang, we discuss generalizat ions of the st rategy reward
scheme such that the agents seek to maximize their wealth in a more direct
way. We then examine a disturbing feature whereby such reward schemes,
while appearing microscopically acceptable, lead to unrealist ic market dy-
namics (e.g. instabilit ies). Finally, we discuss various mechanisms which
are responsible for re-stabilizing the market in reality. This discussion
leads to a `toolbox' of processes from which, we believe, successful market
models can be const ructed in the future.
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1 In t roduct ion

Agent-based models have at t racted signi� cant interest across a broad range of
disciplines [1]. An increasingly popular applicat ion of these models has been
the study of � nancial markets [1, 2]. The mot ivat ions for this focus on � nancial
markets are two-fold: the promise that data-rich � nancial markets are good
candidates for the empirical study of complex systems, and the inadequacy of
standard economic modelsbased on the not ions of equilibria and rat ional expec-
tat ions. Current ly many di� erent agent-based models exist in the Econophysics
literature, each with its own set of implicit assumpt ions and interest ing proper-
t ies [1, 2, 3]. In general these models manage to exhibit some of the stat ist ical
propert ies that are reminiscent of those observed in real-world � nancial markets;
for example, fat -tailed dist ribut ions of returns and long-t imescale volat ility cor-
relat ions. Despite their di� erences, thesemodelsdraw on several of thesamekey
ideas: feedback, frust rat ion, adaptability and evolut ion. The underlying goal of
all this research e� ort is to generate a microscopic agent-based model which (i)
reproduces all the stylized facts of a � nancial market , and (ii) makes sense on
the microscopic level in terms of � nancial market microstructure. While each
of these goals is separately achievable, the combinat ion of (i) and (ii) within a
single model represents a fascinat ing challenge, and underpins our mot ivat ion
for writ ing the present paper.

Challet and Zhang'sMinority Game[3] o� ers possibly the simplest paradigm
for a system containing the key features of feedback, frust rat ion and adaptabil-
ity. The MG has remarkably rich dynamics, given the simplicity of its under-
lying binary st ructure, and has potent ial applicat ions in a wide range of � elds.
Consequent ly Challet and Zhang's MG model, together with the original bar
model of Arthur [1], represent a major milestone in the study of complex sys-
tems. Given the MG's richness and yet underlying simplicity, the MG has also
received much at tent ion as a � nancial market model [2]. The MG comprises an
odd number of agents N choosing repeatedly between the opt ions of buying (1)
and selling (0) a quant ity of a risky asset . The agents cont inually st rive to make
the minority decision i.e. buy assets when everyone else is selling and sell when
everyone else is buying. This st rategy seems to make sense on � rst inspect ion.
For example, a majority of agents selling will force the price of the asset down
and thus ensure a low buy price (which is favorable) for the minority of the
agents who decided to buy; hence the minority group has `won'. However, now
consider the scenario where this pat tern repeats over and over. The minority
of agents, who have been buying more and more assets as the price falls, now
� nd themselves holding a huge inventory of assets which are worth very lit t le.
When these agents t ry to cash in their assets, they will � nd themselves very
much poorer. Surely then the minor i ty group has actual ly lost?

This paradox has sparked much discussion as to the suitability of the MG as
the basis of a microscopic model of � nancial markets. Consequent ly a diverse
range of modi� ed (yet MG-related) models have emerged, all seeking to address
this point in di� erent ways [2]. Some models include a combinat ion of di� erent
types of agents - in part icular, agents who are rewarded for t rading in the
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minority, and agents who are rewarded oppositely for t rading in the majority
(see Ref. [4] for an early example). In such models, the overall class of the
game (minority or majority) is ambiguous, and is likely to change as di� ering
numbers of each group 
 ood in and out of the market . Other models t ry to
combine the two di� erent reward structures, thus requiring only one class of
agents who strive to be neither exclusively in the minority group nor exclusively
in the majority group [5, 6, 7]. We refer the reader to the Econophysics website
[2] for further examples (see also Refs. [8, 9, 10, 11]).

The purpose of this paper is to consolidate the search for a suitable micro-
scopic reward scheme for use in agent-based � nancial markets. The paper com-
prises a synthesis of several earlier reports, each aimed at addressing the topic
of self-consistent agent-based market modelling within a binary game structure.
These earlier reports are re-organized in light of several recent papers on speci� c
reward structures, and supplemented by addit ional simulat ion results, observa-
t ions and thoughts [7]. We start by discussing various strategy reward schemes
in which the agents seek to maximize their wealth in a direct way. We then
illust rate a disturbing feature whereby such reward structures, while appearing
microscopically acceptable, can lead to unrealist ic market dynamics (e.g. in-
stabilit ies). Finally, we discuss various mechanisms which are responsible for
re-stabilizing the market in reality. This discussion leads to a t̀oolbox' of pro-
cesses from which, we believe, successful market models can be constructed in
the future.

2 B inary game st ruct ure

Consider the situat ion of a populat ion of N agents with some limited global
resource. A speci� c example could be Arthur's famous bar problem [1] where
there are N regular bar-goers but only L < N seats. The reward scheme in
Arthur's bar problem is simple: bar-goers are successful if they at tend and
they manage to obtain a seat . This reward scheme implicit ly assumes that
the bar-goers value sit t ing down above other criteria. While this makes sense
for many situat ions, it is not universal. For example, it is our experience that
customers of college-based bars do not view seat ing as a necessary requirement
for a successful evening! The motto t̀he more the merrier' often seems more
appropriate. The MG represents a very special case of the bar problem, in which
the seat ing capacity L = (N � 1)=2 and all the at tendees wish to sit down. In
more general and realist ic situat ions, the correct reward scheme is likely to be
less simple than either Arthur's bar model or Challet and Zhang's MG. Unt il a
speci� c reward scheme is de� ned, the bar model remains ill-speci� ed. Put t ing
this another way, the precise reward scheme chosen is a fundamental property of
the result ing system and direct ly determines the result ing dynamical evolut ion.
Hence it is crucial to understand the e� ect that di� erent microscopic reward
schemes have on the macroscopic market dynamics.

As � rst discussed in Ref. [1], the bar problem is somewhat analogous to a
� nancial market where the bar-goers are replaced by traders. In the same way
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that a general bar problem requires a non-t rivial reward scheme, any `correct '
agent-based market model will need a non-t rivial reward scheme in order to
avoid inconsistencies with � nancial market microstructure. This provides us
with the mot ivat ion to look beyond the bar model and MG, in order to design
an agent-based model with � nancial relevance. Having said this, the binary
st ructure of the MG provides an appealing framework for formulat ing a market
model without int roducing too many obviouspathologies. Given these consider-
at ions, our discussion from here on will not assume any speci� c reward scheme,
but will employ a binary game structure based on Ref. [3].

We start by reviewing the binary game structure. There are three basic
parameters; the number of agents N , the `memory' of the agents m, the number
of st rategies held by each agent s. The agents all observe a common binary
source of informat ion, but only remember the previous m bits. Hence the global
informat ion available to each agent at t ime t is given by � [t] where in decimal
notat ion � [t] 2 f 0 : : :P � 1g with P = 2m . Each strategy aR contains as its
elements a�

R , and represents a response f � 1; 1g to each of the possible P values
of the global informat ion � . There are hence 2P possible st rategies. The agents
are randomly allocated a subset of s of these strategies at the outset of the
game, and are not allowed to replace these. The agents also keep a score SR

re
 ect ing their st rategies' previous successes, whether the strategy is played or
not . The net act ion of the agents A [t] is de� ned as:

A [t] =
2P
X

R= 1

nR [t] a� [t ]
R

where nR is the number of agents playing strategy R. The agents always play
their highest performing strategy, i.e. the strategy with the highest SR . The
strategy score isupdated with payo� gR such that SR [t + 1] = SR [t]+ gR [t + 1].

The central quest ion is the following: what should we take as `success' in
the context of a market and hence what are the payo� s? In short , what is
the microscopic reward scheme? This is equivalent to asking what the game
actually is, since a game requires a de� nit ion of the players' goals and hence
their rewards. In order to address this quest ion, westart by considering a binary
version of Arthur's bar problem with general L , i.e. an MG-like model which is
generalized to L 6= (N � 1)=2 [12, 13]. The two responses would be `at tend' or
`don' t at tend' , and there are two possible scenarios: (i) the at tendance is less
than the seat ing capacity. In this case, the at tendees are successful while those
who didn' t at tend are unsuccessful. (ii) The at tendance exceeds the seat ing
capacity. In this case, the at tendees are unsuccessful while those who didn' t
at tend are successful. Set t ing L = (N � 1)=2 yields the MG, and the two
scenarios collapse into one: the successful agents are those who predict the
minority group, i.e. at tend when the minority at tend, or don' t at tend when the
majority at tend. [For a study of the binary game with L 6= (N � 1)=2, see Ref.
[12, 13].] In the speci� c case of the MG, success is classi� ed as having correct ly
predicted the minority outcome. The payo� funct ion for the MG is thus of the
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form:

gR [t + 1] = �
h
� a� [t ]

R A [t]
i

(1)

where � [x] is an odd, increasing funct ion of x usually chosen to be either
� [x] = x or � [x] = sgn [x]. The feedback in the MG arises through the global
informat ion � [t] where the most recent bit of the binary informat ion is de� ned
by the sign of the net act ion of the agents A [t]:

� [t + 1] = 2� [t] � P H
�
� [t] �

P
2

�
+ H [A [t]] (2)

where H [x] is the Heaviside funct ion [14]. In the more general form of the game
where the resource level L 6= (N � 1)=2, the argument in the Heaviside funct ion
H [: : : ] would depend on the value of L [13]. More generally it could become a
complicated funct ion of all the game parameters, or include feedback from the
macroscopic dynamics in the past , or even the e� ects of exogenous news arrival.

It is now accepted that a generalizat ion of the MG in which agents can sit
out of the game (i.e. a� [t ] = 0) when they are not con� dent of the success of
any of their s st rategies, provides a bet ter model of � nancial t rading since it
allows the number of agents act ive in the market to vary. This more general
model is the Grand Canonical Minority Game (GCMG) which was � rst studied
in Ref. [11]. The GCMG typically has two more parameters than the MG:
namely T which is a t ime horizon over which strategy scores are forgot ten (i.e.
SR [t + 1] = (1 � 1=T) SR [t] + gR [t + 1]) and r which is a threshold value of
SR below which the agents will opt not to part icipate in the game (a� [t ] = 0).
The GCMG seems to reproduce the stylized stat ist ical features of a � nancial
t ime-series over a wide parameter range (see the discussion in Ref. [15]).

3 T he pr ice format ion process

It is commonly believed that in a � nancial market , excess demand (i.e. the
di� erence between the number of assets o� ered and the number sought by the
agents) exerts a force on the price of the asset . Furthermore it is believed that a
posit ive excess demand will force the price up and a negat ive demand will force
the price down. A reasonable suggest ion for the price format ion process could
then be [16]:

ln [p [t]] � ln [p [t � 1]] =
D [t � ]

�
(3)

or

p [t] � p [t � 1] =
D [t � ]

�
(4)

where D [t � ] represents the excess demand in the market prior to t ime t, when
the new price p[t] is set and the buy/ sell orders are executed. The scale param-
eter � represents the `market depth' (or liquidity) i.e. how sensit ive a market
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is to an order imbalance. In general we would expect � to be some increasing
funct ion of the number of t raders N trading in that asset . Also, the funct ional
forms may not be linear as in Equat ions 3 and 4. However, studies carried out
on several markets have found the forms of Equat ions 3 and 4 to be reasonable
[17].

In Ref. [4], we suggested that in markets involving a market-maker who
takes up the imbalance of orders between buyers and sellers, the market-maker
will wish to manipulate the price of the asset in order to minimizeher inventory
of stock � M [t]. Whilst the market-maker's job is to execute as many of the
orders as is possible, she does not wish to accumulate a high posit ion in either
direct ion. To this end, the market-maker lowers the price to at t ract buyers
when she holds a long posit ion � M > 0 and raises it to at t ract pro� t -taking
sellers when she has a short posit ion � M < 0. This modi� es the price format ion
of Equat ion 3 to1:

ln [P [t]] � ln [P [t � 1]] =
D [t � ]

�
�

� M [t � ]
� M

(5)

where � M is the market-maker's sensit ivity to her inventory.

4 From M G t o market model

Our puzzle is to form a sensible model of a collect ion of t raders buying and
selling a � nancial asset . It is clear from Sect ions 2 and 3 that we have two
pieces of the puzzle. The MG gave us a simple paradigm for a group of agents
interact ing in response to global informat ion and adapt ing their behavior based
on past experience. The output of this model was a `net act ion' A [t]. In
addit ion, we now have some simple systems for price-format ion based on an
excess demand D [t]. But what relat ionship should we assume between D [t] and
A [t]? To answer this quest ion, we should clarify what we want the individual
act ions a� [t ]

R of the strategies to resemble. In short , the quest ion is `what does
a strategy map from and to?'

In most studies of the MG as a market model, researchers have taken the
act ions a� [t ]

R 2 f � 1; 1g to be the act ions of selling and buying a quanta of the
asset respect ively. Thus the net act ion of all agents A [t] naturally becomes the
excess demand, i.e. we have:

D
�
t �

�
= A [t � 1] (6)

Given this and the fact that the price change is an increasing funct ion of excess
demand (for Equat ions 3 and 4), the global informat ion becomes the direct ions
(up or down) of the previous price changes. So the answer here is that a strategy
maps from the history of past asset price movements to a buy/ sell signal. A
strategy mapping from the history of past asset pricemovementsseems a natural

1 I t is import ant t o not e t hat t his price process is not abit rage-free i.e. it is possible for t he
agent s t o make pro� t by manipulat ing t he market maker.
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and sensible choice, since � nancial chart ists do look at precisely this informat ion
to decide upon a course of act ion. We therefore propose that in general, for this
class of market model, we should always use the following Equat ion (Eq. 7) to
update the global informat ion, irrespect ive of whether Equat ion 6 holds.

� [t + 1] = 2� [t] � P H
�
� [t] �

P
2

�
+ H [� P [t + 1; t]] (7)

It is worth now spending a few moments considering the t imings in this
model. Equat ion 6 is for the excess demand at t ime t � , i.e. prior to t ime t
when all the orders are processed and a new price p[t] is formed. Thus D [t � ]
can only result from all the informat ion that is available at t ime t � 1, i.e.
� [t � 1] and f SR [t � 1]g. From this informat ion, the agents take act ions a� [t � 1]

producing a net act ion of A [t � 1]. The agents' act ions (orders) however do not
get realized (executed) unt il t ime t when the new price p[t] is known. The MG
payo� funct ion of Equat ion 1, hence rewards agents posit ively for deciding to
sell (buy) assets (i.e. a� [t � 1] = � 1 (1)) when the order execut ion price p[t] is
above (below) the price level at the t ime they made the decision (i.e. p [t � 1.]).

Why is this mechanism of moving in the minority a physically reasonable
ambit ion for the agents? Let us consider the `not ional' wealth of an agent i to
be given by:

Wi [t] = � i [t] p [t] + Ci (8)

where � i is the number of assets held and Ci is the amount of cash held. It
is clear from Equat ion 8 that an exchange of cash for asset at any price does
not in any way a� ect the agents' not ional wealth. However, the point is in the
terminology. The wealth Wi [t] is only notional and not real in any sense - the
only real measure of wealth is Ci which is the amount of capital the agent has
available to spend. Thus it is evident that an agent has to do a `round trip' (i.e.
buy (sell) an asset then sell (buy) it back) to discover whether a real pro� t has
been made. Let us consider two examples of such a round trip. In the � rst case
the agent t rades in the minority while in the second he trades in the majority:

� Moving in minority:

t Act ion a [t] Ci [t] � i [t] p [t] Wi [t]
1 Submit buy order 100 0 10 100
2 Buy..., Submit sell order 91 1 9 100
3 Sell 101 0 10 101

� Moving in majority:

t Act ion a [t] Ci [t] � i [t] p [t] Wi [t]
1 Submit buy order 100 0 10 100
2 Buy..., Submit sell order 89 1 11 100
3 Sell 99 0 10 99

As can be seen, moving in the minority creates wealth for the agent upon com-
plet ion of the necessary round-t rip, whereas moving in the majority loseswealth.
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However if the agent had held the asset for any length of t ime between buying
it and selling it back, his wealth would also depend on the rise and fall of the
asset price over the holding period. Thus the MG mechanism seems perfect ly
reasonable for a collect ion of t raders who simply buy/ sell on one t imestep and
sell/ buy back on the next , but this is not of course what real � nancial t raders
do in general. This pinpoints the main crit icism of the MG as a market model.

5 M odi� ed payo� s

The minority mechanism at play in the MG, arises solely from Equat ion 1 for
the payo� (reward) gR [t + 1] given to each strategy R based on its act ion a� [t ]

R .
Thus it can be trivially conjectured that changing the structure of the payo�
funct ion will change the class of game being played. In Sect ion 4 we pointed
out that although trading in the minority was bene� cial, the minority payo�
st ructure itself made no allowance for the rise or fall in the value of the agent 's
port folio � i of assets. Let us try to rect ify this by examining the form of the
agent 's not ional wealth, Equat ion 8. If we di� erent iate the not ional wealth, we
get an expression for � Wi [t + 1; t] = Wi [t + 1] � Wi [t] given by:

� Wi [t + 1; t] = � Ci [t + 1; t] + p [t + 1] � � i [t + 1; t] + � i [t] � p [t + 1; t]

The � rst two terms cancel because the amount of cash lost � � Ci [t + 1; t] is
used to buy the extra � � i [t + 1; t] assets at price p[t + 1]. This leaves us with:

� Wi [t + 1; t] = � i [t] � p [t + 1; t] (9)

Wecan then use Equat ion 9 to work out an appropriatereward gR [t + 1] for each
strategy based on whether its act ion a� [t ]

R induced a posit ive or negat ive increase
in not ional wealth. Let us � rst use the fact that the price change � p [t + 1; t]

is roughly proport ional to the excess demand D
h
(t + 1) �

i
: this can be seen

explicit ly from our earlier equat ion for the price format ion, Equat ion 4. Then
let 's use our MG interpretat ion of the net act ion A [t], Equat ion 6. We thus
have from Equat ion 9:

� WR [t + 1; t] _ � R [t] D
h
(t + 1) �

i

_ � R [t] A [t]

We then ident ify the accumulated posit ion of a strategy at t ime t, � R [t], to
be the sum of all the act ions (orders) made by that st rategy which have been
executed within t imes 0: : : t. Remembering that at t ime t, the act ion (order)
a� [t ]

R has not yet been executed (it gets executed at t + 1), this gives � R [t] =
P t � 1

i = 0 a� [i ]
R . Let us then set the payo� given to a strategy gR [t + 1], to be an

increasing (odd) funct ion � of the not ional wealth increase � WR [t + 1; t] for
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that st rategy. We thus arrive at :

gR [t + 1] = �

"
t � 1X

i = 0

a� [i ]
R � A [t]

#

(10)

We could also propose a locally-weighted equivalent of Equat ion 10, in which
the reward given to a strategy ismore heavily weighted on the result of its recent
act ions than the act ions it made further in the past . This gives

gR [t + 1] = �

"
t � 1X

i = 0

(1 � 1=T)t � 1� i a� [i ]
R � A [t]

#

(11)

where T enumerates a characterist ic t ime-scale over which the posit ion accu-
mulated by the strategy is f̀orgot ten' . The T = 1 limit of Equat ion 11 yields

gR [t + 1] = �
h
a� [t � 1]

R A [t]
i
, i.e. only the posit ion result ing from the most re-

cent ly executed trade is taken into account . With T = 1, this payo� st ructure
essent ially rewards a strategy at t imet + 1 based on whether the not ional wealth
change � WR [t + 1; t] wasmore positive than it would have been if act ion a� [t � 1]

R
had not been taken.

If Equat ion 11 is used in an agent-based market model, the agents play
the strategy they hold which has accumulated the highest `virtual' not ional
wealth. We mean `virtual' in the sense that the strategy itself will not have
actual ly accumulated this not ional wealth unless it has been played without fail
since t ime t = 0. The agents in this model are thus all st riving to increase their
not ional wealth and are allowed to do so by taking arbit rarily large posit ions � i .
W e wil l cal l t his incar nat ion of t he mar ket model $G11: the term `$G' is
named after the `The $-Game' of Ref. [5] where agents also strive to maximize
not ional wealth, and `11' is named after Equat ion 11 for the strategy payo� .
We stress that this incarnat ion of the market model is by no means unique.
For example, it may be more appropriate to consider a model wherein each
agent is only allowed one posit ion in the asset at any t ime, i.e. � i [t] = � 1; 0; 1.
This amounts to us rede� ning the strategies R as mapping to the act ions `go

long/ short ' instead of `buy/ sell' , i.e. a� [t ]
R = � R

h
(t + 1)�

i
. Note the reference

to (t + 1) � here because the act ion a� [t ]
R is not executed unt il t ime t + 1: after

this t ime a� [t ]
R = � R [(t + 1)] : In this new model, the net act ion of the agents

A [t] therefore represents the overall desired posit ion of the populat ion at t ime

(t + 1) � , i.e. A [t] =
P N

i = 1 � i

h
(t + 1) �

i
. It therefore follows that the excess

demand is given by:

D
h
(t + 1) �

i
=

NX

i = 1

�
� i

h
(t + 1) �

i
� � i [t]

�

= A [t] � A [t � 1] (12)
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Similarly, for this system, the payo� to st rategies based on the not ional wealth
increase is given by Equat ion 9 as:

gR [t + 1] _ � [� R [t] � p [t + 1; t]]

= �
h
a� [t � 1]

R (A [t] � A [t � 1])
i

(13)

W e wil l cal l t his incar nat ion of t he mar ket model $G13. The payo�
st ructure for this one-posit ion-per-agent system is essent ially the same as that
reported in Equat ion [3] of `The $-Game' [5].

6 Behavior of market models

In the previous sect ion, we int roduced di� erent microscopic reward schemes for
use in binary mult i-agent market models. The aim of these new strategy payo�
st ructures, was to get the agents to maximize their not ional wealth as given
by Equat ion 8. This seems to be a more physically realist ic goal than to have
the agents compet ing to always be in the minority group, as in the MG and its
variants. The quest ion now must be: how do these new payo� st ructures a� ect
the resultant dynamics of the market model? To invest igate this, we ident ify
the form of the excess demand in the model and then employ a price format ion
structure - from Sect ion 3 for example. The tablebelow illust rates three possible
market models:

Name � R [t] D
h
(t + 1) �

i
gR [t + 1] = sgn [: : : ] � P [t + 1; t]

GCMG � R [t � 2] + a� [t � 1]
R A [t] � a� [t ]

R D
h
(t + 1) �

i
D

h
(t + 1) �

i
=�

$G11 � R [t � 2] + a� [t � 1]
R A [t]

P t � 1
i = o a� [i ]

R D
h
(t + 1) �

i
D

h
(t + 1) �

i
=�

$G13 a� [t � 1]
R A [t] � A [t � 1] a� [t � 1]

R D
h
(t + 1) �

i
D

h
(t + 1) �

i
=�

We have simulated the three market models in the above table with the
same parameters for each model: N = 501 agents, s = 2 strategies per agent ,
T = 100 t imesteps for the strategy score t ime-horizon, and an r = 4 payo�
point con� dence-to-play threshold. Each simulat ion was run for agents with
low memory m = 3 and for agents with high memory m = 10. The resultant

price p[t] and volume v [t] =
P 2P

R= 1 nR are displayed in Figure 1.
The two di� erent values of the agent 's memory length (or rather the rat io

P=N ) describe markets in two dist inct ly di� erent `phases' . Arguably the most
important feature of these types of model is that there is a common percept ion
of a strategy's (virtual) success, i.e. SR [t] is a global variable. This implies
that the number of agents adopt ing the same act ion (i.e. the e� ect of crowd-
ing or herding) is dependent on the number which hold each strategy. At low

10



Figure 1: Behaviour of price and volume in market models corresponding to
three di� erent st rategypayo� funct ions gR [t]. Parameters for each model are
N = 501, s = 2, T = 100, r = 4. The left hand column represents the crowded
market with high agent coordinat ion (m = 3) the right hand column represents
an uncrowded market with lit t le agent coordinat ion (m = 10). The top row
shows the GCMG, the second row shows the $G11 and the bot tom row shows
$G13.
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memory (low P=N ) there are few strategies available and many agents, conse-
quent ly large numbers of agents hold the same strategy. This implies that in
this `crowded phase' there are large groups of agents adopt ing the same act ion
a� [t ]

R (i.e. crowds) and only small groups adopt ing the opposite act ion � a� [t ]
R

(i.e. ant i-crowds) [18]. The result of this high agent coordinat ion is a volat ile
market with large asset price movements. Conversely, for high m (high P=N )
hardly any agents hold the same strategy. Hence the crowd size is roughly equal
to the ant i-crowd size, result ing in a market with low agent coordinat ion and
consequent ly lower volat ility and fewer large changes. With this dist inct ion be-
tween low and high m regimes in mind, let us brie
 y describe the dynamics in
each market model.

� GCM G. First consider low m. The con� dence-to-play threshold is set
high enough in order that occasional stochast icity is injected via t imesteps
when A [t] = 0 (N.B. the next state of � [t + 1] is then decided with a coin
toss). TheGCMG can beseen to reproduce many of thestat ist ical features
observed in real markets. Figure 1 shows that the act ivity (volume) is
generally low and bursty. The asset price series is thus characterized by
frequent large movements (giving fat -tailed dist ribut ions of returns) and
clustered volat ility. No long periodsof correlat ion exist in theGCMG asset
price movement : as soon as lots of agents start taking the same act ion,
then the strategies which produce that act ion are penalized, as can be seen
from Equat ion 1. At high m, the absence of agent co-ordinat ion leads to
an absence of clustering of act ivity. Hence theseries of asset prices appears
more random at high m.

� $G11. At low m, the asset price very soon assumes an unstoppable
t rend: agents with at least one trend-following strategy (: : :A [t � 2] >
0; A [t � 1] > 0; A [t] > 0 ) aR = 1) join the trend and bene� t (no-
t ionally) from the consequent asset price movement . Because the strate-
gies (and hence agents) are allowed to accumulate limit less posit ions, the
trend is self-reinforcing since � WR just keeps get t ing bigger for the trend-
following strategies. At high m, the lack of agent coordinat ion means that
it is harder for the model to � nd this at t ractor. However sooner or later,
a majority of t rend-following strategies will have accumulated su� cient
score SR and posit ion j� R j to be played successfully. From then on, the
pat tern of success is self-reinforcing and again the unstoppable t rend is
created. This result has to be seen as the natural consequence of want ing
the agents to maximizenotional wealth at the same t ime as being allowed
arbit rarily large posit ions.

� $G13. At low m, the model has interest ing and irregular dynamical prop-
ert ies. For example, the series of asset price movements contains periods
of very high correlat ion (and high volume) and periods of very high ant i-
correlat ion (and lower volume). These two behaviors arise from the payo�
st ructure of Equat ion 13: just as in $G11, st rategies are rewarded for
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having a posit ive (negat ive) posit ion when the asset price is t rending up
(down), however they now get penalized for joining that t rend. This im-
plies that persistent behavior will tend to follow persistent behavior, while
ant i-persistent behavior will follow ant ipersistent behavior. This � nding
is very much in line with the school of thought that says that markets
have dist inct ranging and breakout phases. Unlike the $G11 model, the
trends are always capped by the limitat ion that agents can only hold one
posit ion. Once as many agents as possible are long (short ) the asset price
cannot rise (fall) any further: consequent ly the result ing dynamics are
strongly mean-revert ing. At high m, due to the lack of agent coordina-
t ion, it is hard for large enough crowds to arise to form trending periods.
Thus ant i-persistence dominates this regime.

7 In st abi l i t y in market models

In the MG, there is no unstable at t ractor which could give rise to a cont inuously
diverging price. The reason is that each agent is t rying to do the opposite of the
others. This results in no net long-term market force. The MG agents can see
no advantage in collect ively forcing a price up (down) to increase the value of
their long (short ) posit ion, since they are totally unaware of their accumulated
posit ion. Sect ion 6 showed however that , when we give the agents the goal of
maximizing their not ional wealth (cash plus value of posit ion), the model can be
dominated by the unstable dynamics of price t rending. Although the structure
of the $G models seems more realist ic than the MG, the price dynamics do not
reproduce many of the stylized features of � nancial asset price series. It seems
that an improvement in the microscopic model st ructure `spoils' the macroscopic
results. To help explain this, wenow look at someof themodel de� ciencies which
st ill remain.

7.1 M arket impact

We hinted at this e� ect in Sect ion 4. The wealth Wi [t] that we have forced the
agents of the $G models to maximize, is purely notional - it is the wealth they
would have if they could unwind their market posit ions at today's price p[t].
The agents are clearly not able to do this. There are two reasons for this. Even
if an agent put in an order to unwind his posit ion at t ime t, it would not be
executed unt il t ime t + 1 when the price is p [t + 1]. The second reason is that
in this simplist ic st ructure, the agents can only t rade one quanta of asset at
any t ime. Hence a posit ion of � i assets will take � i t imesteps to fully unwind.
All other things being equal, an agent should expect on average to get less cash
back than � i [t] p [t] when unwinding his posit ion. This is `market impact ' . We
can see this e� ect direct ly with the following argument :
The change in cash of agent i from buying � � i [t; t � 1] assets at t ime t is given
by: � Ci [t; t � 1] = � � � i [t; t � 1] p [t]. Let us then use Equat ion 4 to give
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p[t] = p [t � 1] + D [t � ] =� . Then we break down the demand as follows:

D
�
t � �

= di +
NX

j 6= i

dj
�
t � �

where dj is the demand of agent j . However we know that the demand of agent
i is � � i [t; t � 1] assets, hence we get

� Ci [t; t � 1] = � � � i [t; t � 1] p [t]

= � � � i [t; t � 1] p [t � 1] �
1
�

(� � i [t; t � 1])2 �
1
�

� � i [t; t � 1]
NX

j 6= i

dj
�
t �

�

If we now assume that the remaining agents j 6= i form an e� ect ive `background'
of random demands dj of zero mean, then averaging over this `mean-� eld' of
agents gives:

h� Ci [t; t � 1]i j = � � � i [t; t � 1] p [t � 1] �
1
�

(� � i [t; t � 1])2 (14)

Equat ion 14 tells us that an agent will on average receive an amount of cash
h� Ci [t; t � 1]i , which is equal to the amount he may have naively thought he
would get (if he could have traded at price p[t � 1]) minus a posit ive amount
proport ional to the square of his t rade size and inversely proport ional to the
market liquidity. Consequent ly, an agent who considered his market impact
in calculat ing his wealth would on average expect the cash-equivalent value of
his wealth to be given by Wi [t] � � i [t]2 =� , i.e. his not ional wealth minus the
average impact from unwinding his posit ion at t ime t + 1. This is the wealth
that the agents should be at tempt ing to maximize. We could therefore propose,
in the spirit of Ref. [19], a modi� cat ion to the strategy reward funct ion gR [t]
which takes account of this market impact :

gR [t + 1] _ �
h
� R [t] � p [t + 1; t] � � R [t]2 =�

i
(15)

Let us now re-visit the issue of t rend following, this t ime with reference to a
model whose strategies are updated using Equat ion 15. W e wil l r efer t o t his
model as $G15. When a trend forms such that � R [t] and � p [t + 1; t] have
the same sign, st rategy R will be rewarded: this cont inues unt il the moment
when the extra pro� t gained from increasing the posit ion to bene� t from the
favorableprice movement , issmaller than the added market impact which would
be faced from unwinding the larger posit ion. At this point the strategy will
start to be penalized instead of rewarded for support ing the trend. This is a
mechanism which could halt the price-divergent behavior of $G11 type models.
However Equat ion 15 gives the turnover point in st rategy reward due to market
impact , to be given by � R [t] = � � P [t + 1; t]. If we then consider that during
an `unstable' market t rend the average price change is of order N=� (see, for
example, the gradient of the $G11 price in Figure 1) - and that � R increments
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by only � 1 every t imestep - then trends which are formed before the market
impact mechanism starts having a strong e� ect , will be of order t t rend v N
t imesteps in length. The market impact mechanism on its own, is thus clearly
too weak to stabilize the $G models in order to form a realist ic price series.

7.2 A gent wealt h

Financial agents part icipat ing in a real market have � nite resources and so
cannot keep buying and/ or selling assets inde� nitely. Thishard cut-o� of agents'
resources in turn imposes a hard limit on the magnitude of price t rends. This
e� ect was seen clearly in the $G13 model where the agents were only permit ted
(or, equivalent ly because of � nite resources, were only able to) hold one posit ion
at any one t ime. The $G13 and $G11 models can thus be thought of as opposite
extremes in this respect , i.e. the � rst mimicsextremely t ight ly-limited resources
while the second mimics in� nite resources. It seems natural to expect that
a real � nancial market lies somewhere between these two extremes; resources
are large for the market-moving agents but st ill � nite. We can include the
e� ect of limited agent resources in our market model by allocat ing agent i an
init ial capital Ci [0] (and posit ion � i [0]) and then updat ing this capital using
Ci [t] = Ci [t � 1] � � � i [t; t � 1] p [t] [4]. The agents cannot then trade at t ime
t if the following condit ions are met:

� � i [t; t � 1] > 0 \ Ci [t � 1] < � � i [t; t � 1] p [t � 1]

� � i [t; t � 1] < 0 \ � i [t � 1] < 0

In other words, an agent will not submit a buy order unless he at least has the
capital to buy the asset at the quoted price p[t � 1], and also will not submit an
order to short sell if he already holds a short posit ion. If we imposed no limit
on short selling, an unstable state of the system would exist wherein all agents
short -sell inde� nitely.

W e wil l r efer t o t his model as $G11W where W represents `wealth' .
Let us init ialize this market model with agent wealths such that the agents'
init ial buying power is equal to their init ial selling power, i.e. f Ci [0] ; � i [0]g =
f n � p [0] ; n � 1g : Hence init ially, the agents have the power to buy or sell n
assets (N.B. recall that they are allowed up to one short sell). If we then raise n
from n = 1 upwards, we can see a qualitat ive change in the dynamical behavior
of the model between the two extremes of $G13 and $G11, with the periods of
t rending growing longer as n increases. To invest igate this behavior numerically,
we � x n and run the model for 1500 t imesteps, recording the value of the global
informat ion � [t] in the last 500 t imesteps t. We then count the number of
t imes within this last 500 t imesteps that either � = 0 (implying negat ive price
movements over the last m t imesteps) or � = P � 1 (posit ive price movements)
occur. We denote the frequency with which these states occur as f t rend . If
the model visited all states of the global informat ion � [t] equally, we would
expect f t rend = 1=P. Figure 2, showing the variat ion of f t rend with n, has
several interest ing features. First it can be seen that , as n is increased and the
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Figure 2: The frequency of occurence of the global informat ion states � = 0; P �
1, f t rend , as a funct ion of the agents' capital resource level n. The results were
taken from the last 500 t imesteps of a 1500 t imestep simulat ion. The market
model used was $G11W, with evolving agent wealths. The model parameters
were N = 501, m = 3, s = 2, T = 100, and r = 4, with binary (� = sgn)
st rategy rewards. The solid line represents equally visited � -states.

consequent wealth availableto the agents grows, the tendency of the model to be
dominated by price trending increases dramat ically. Also we see that at low n,
f t rend is below that of the (random) equally visited � -states case. This is due to
the high degree of ant i-persistence in the system as was seen in the $G11 model.
The large spread in the results arises from the tendency of the model to exhibit
clustering of act ivity states: persistence followspersistence and ant i-persistence
follows ant ipersistence as described in Sect ion 6.

We note that in the work of Giardina and Bouchaud (see Refs. [6, 15])
the strategy payo� funct ion has the same basic form as Eq. 13, i.e. it is a
$G13W-style model. These authors consider proport ional scoring (i.e. � = 1)
and include an interest rate which resembles a resource level L ; these features
will not change the qualitat iveresults presented here. However, in the models of
Refs. [6, 15], it seems that only act ive strategies are rewarded thereby breaking
the common percept ion of a given strategy's success among agents which is
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arguably a central feature of the binary model st ructure. We expect this to
dramat ically a� ect the dynamical propert ies of the system as the mechanism
for agent coordinat ion and thus crowd format ion has been altered.

7.3 D iversi t y and t imescales

The interest ing dynamical behavior of market models based on the binary st rat -
egy approach of the MG, arises largely as a consequence of the heterogeneity in
the strategies held by the agents and the common percept ion of a strategy's suc-
cess. The extent to which agents will agree on the best course of act ion, and the
consequent crowding, is solely a funct ion of how the 2P available st rategies are
dist ributed amongst the populat ion of agents. If the way in which the strategies
are init ially allocated is biased, then the result ing dynamics will re
 ect this [6].

The int roduct ion of an agent wealth, as discussed in the previous subsect ion,
also brings about diversity in the market model. Even if we init iate the model
with all agents having an equal allocat ion of wealth in the form of cash plus
assets, the wealths of the agents f Wi g will soon become heterogenous as a
direct result of their heterogenous strategies. Figure 3 shows the heterogeneity
of agents' wealth growing with t ime during a $G11W simulat ion. After many
t imesteps have elapsed, the dist ribut ion of agents' wealth seems to reach a
steady-state: many agents have lost the majority of their wealth to a minority of
agents who themselves have accumulated much more. In everyday terminology,
t̀he rich get richer while the poor get poorer' .

The heterogeneity of agents' wealth in the $G11W model is fed back into
the system through the buying power of the agents alone. However, although
wealthier agents have the potent ial to buy and sell more assets, they st ill only
t rade in single quanta of the asset at any given t imestep, the same as poorer
agents. It may be more reasonable to propose that the agents t rade in sizes
proport ional to their resources [4, 6], i.e.

� � i [t; t � 1] = 

Ci [t � 1]
p [t � 1]

for a� [t � 1]
R �

i
= 1

� � i [t; t � 1] = 
 � i [t � 1] for a� [t � 1]
R �

i
= � 1

where R�
i is the highest scoring strategy R of agent i . The factor 
 then enumer-

ates what fract ion of the agents' resources (cash for buying, assets for selling)
they will t ransact at any given t ime. In this system, assets will generally need
to be divisible, i.e. the sense of agents buying and selling a quanta of the asset
as in $G11W is lost . This in turn means that instead of the degree of t rending
being controlled by the level of init ial resource allocat ion n, it is instead de-
termined by n=
 , since this e� ect ively determines the number of t rades agents
can make in any trending period before hit t ing the boundary of their capital
resources. Also with this system of t rading in proport ion to wealth, t rends will
start steep and end shallow as agents run out of resources and thus makesmaller
and smaller t rades. Apart from these stylized di� erences, the system has a very
similar dynamical behavior to the more straight-forward $G11W model.
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Figure 3: Dist ribut ions of the agents' wealth Wi at four di� erent t imes t during
evolut ion of a $G11W model. Init ially all agents were allocated the same re-
sources f Ci [0] ; � i [0]g = f 3p[0] ; 2g with the init ial price p[0] = 10. Parameters
for the simulat ion were N = 1001, m = 3, s = 2, T = 100, and r = 4, with
binary (� = sgn) st rategy rewards.
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Figure 4: Examples of the dynamical behavior of the price p[t] and volume
P N

i = 1 jdi j of the $G11W model, for three di� erent degrees of crowding given by
the memory length m. The parameters of the simulat ion are N = 501, s = 2,
T = 100, r = 4, and n = 3, with binary (� = sgn) st rategy rewards.

Diversity in st rategies and wealth are the two big sources of agent hetero-
geneity that we have covered so far. This agent heterogeneity has led to a
market model with dynamical behavior which is interest ing and diverse over a
large parameter range. However, the typical price/ volume output only starts
to become representat ive of a real � nancial market at higher m, as can be seen
in Figure 4. As discussed in Sect ion 6, the high m regime represents a `dilute'
market where very few traders act in a coordinated fashion. However one would
expect that a real � nancial market is not in a dilute phase at all, since it does
have large groups of agents forming crowds which rush to the market together,
thereby creat ing the bursty act ivity pat tern observed empirically. Why then
does this model, when pushed into the low m regime, produce endless bubbles
of posit ive and negat ive speculat ion as shown in the left -hand panel of Fig. 4.
Although a real � nancial market does show some suggest ion of oscillatory bub-
ble format ion, it is nowhere near so pronounced and is certainly not on such a
short t imescale2.

To answer this quest ion, we push further the subject of agent diversity.
Although our agents may have di� ering sets of st rategies and consequent ly dif-
ferent wealths, they all act on the same t imescale. When we look at charts
such as Figure 4, we see pat terns not only on a small t ick-by-t ick scale but also
on a much larger scale. In fact we can ident ify pat terns all the way up to the

2We assume implicit ly here t hat a `t imest ep' in our model corresponds t o a fair ly short
int erval in real t ime. T he reason for t his is t hat a t imest ep is t he amount of t ime it t akes for
an agent t o re-assess his st rat egies. For large, market moving, agent s t his amount of t ime is
likely t o be less t han one day.

19



`macro' scale of the boom-bust speculatory bubbles. From a knowledge of these
pat terns, we would form opinions about what will happen next and would t rade
accordingly to maximize our wealth. The agents we have modelled, however,
cannot view the past price-series in this way; instead they are forced to only
consider pat terns of length m t imesteps. Pat terns of any length greater than
this, go un-not iced by the agents and hence are not t raded upon. This explains
why these pat terns can arise and survive. By contrast , when a pat tern is t raded
upon (even in the non-MG framework) it is slowly removed from the market .
Consider the following pat tern:

t ime t 1 2 3 4 5 6 7 8 9 10 11 12 13 14
price p[t] 14 10 11 12 13 15 14 10 11 12 13 15 14 10

If we were able to ident ify this pat tern repeat ing, our best course of act ion
would be to submit a buy order between t imes t = 1 and t = 2, i.e. a [1] = 1.
We could then buy the asset at p [2] = 10. Then between t imes t = 5 and 6, we
would submit an order to sell: a [5] = � 1 and hence would have sold the asset
at p [6] = 15. We then cont inue: a [7] = 1, a [11] = � 1... This ensures we always
buy at the bot tom price and sell at the top. However, t rading in this way is
against the trend asa [t] A [t] < 0. It is in e� ect minority t rading. Hence trading
to maximize our wealth with respect to this pat tern, leads to the weakening of
the pat tern itself just as in the MG. We conclude therefore that the presence
of st rong pat terns in the $G11W and other similar market models at low m, is
simply due to the absence of agents within the model who can ident ify these
pat terns and arbit rage them out .

From the proceeding discussion, it is clear that a realist ic market model
should include agents who can analyze the past series of asset price movements
over di� erent t ime-scales. A � rst thought on how to do this, is to include a
heterogeneity in the memory length m of the agents. In this framework, agents
look at pat terns not only of di� ering length but also of di� ering complexity. It
is therefore appealing to propose a generalizat ion to the way in which the agents
interpret the global informat ion of past price movements, in such a way as to
allow observat ion of pat terns over di� erent t imes-scales but having the same
complexity (m). This can be simply achieved by allowing the agents to have a
natural informat ion bit -length � such that the global informat ion available to
them � � [t] is updated according to the following generalizat ion of Equat ion 7:

� � [t + 1] = 2� � [t] � P H
�
� � [t] �

P
2

�
+ H [� P [t + 1; t + 1 � � ]]

The table below then shows how the previous pat tern would be encoded by
agents having � = 1; 2; 3; 4:
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t ime t 1 2 3 4 5 6 7 8 9 10 11 12 13 14
price p[t] 14 10 11 12 13 15 14 10 11 12 13 15 14 10
`best ' act ion a� [t] 1 1 1 1 � 1 � 1 1 1 1 1 � 1 � 1 1 1
sgn [� P [t; t � 1]] � + + + + � � + + + + � �
sgn [� P [t; t � 2]] � + + + + � � + + + + �
sgn [� P [t; t � 3]] � + + + � � � + + + �
sgn [� P [t; t � 4]] � + + � � � � + + �

If each agent only considered the past two bits of informat ion, i.e. m = 2,
then the `best ' st rategies for di� erent values of the informat ion bit -length �
would beasshown in the tablebelow. These `best ' st rategies havebeen obtained
from inspect ion of the tableabove; in part icular, by looking at when thedi� erent
m = 2 bitst rings f � � ; � + ; + � ; + + g occur and seeing the respect ive `best '
act ion given this bit st ring a� [t].

�

� [t ]

1 2 3 4
� � 1 1 1 ?
� + 1 1 � 1 � 1
+ � 1 1 1 1
+ + ? ? ? 1

The `best ' st rategies (aR � ) in the above table, show a quest ion mark (?)
next to a part icular value of the global informat ion � [t]. Th is denotes that for
this state, the best act ion is somet imes a� [t ]

R � = 1 and somet imes a� [t ]
R � = � 1.

It can thus be seen that only when we include longer t ime-scale pat terns � >
2, do we get a clear signal of when is the opt imal t ime to sell (a� [t ]

R � = � 1).
Shorter t imeframe pat terns provide no clear indicat ion when to do so3. Th is
then demonstrates that an agent holding strategies of di� erent bit -length � could
ident ify opt imal t imes to buy and sell, and hence arbit rage pat terns of length
very much greater than the memory length m.

7.4 Exogenous informat ion

So far this sect ion has discussed how instabilit ies and ine� ciencies in the model
market (as indicated by repeat ing, un-arbit raged pat terns) could be remedied by
inclusion of more realist ic, sophist icated and diverse strategic agents. However
the agents we have considered have all acted in the same fashion, i.e. with the
goal of maximizing their wealth by employing a strategic methodology based
on the observable endogenous market indicators. In terms of a real � nancial
market , wehave considered modelling the subset of agents who consider the past
history of asset price movements as the only relevant informat ion. Although in
reality we expect this subset to be large, we certainly acknowledge the presence
of agents who strategically use other endogenous market indicators such as

3 In t his case a single m = 3 st rat egy could encode enough informat ion t o opt imally arbi-
t rage t he pat t ern. However in general, for longer pat t erns, t his is less likely t o be t rue.
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volume as a source of global informat ion. The strategic use of other endogenous
market indicatorssimply givesa moresophist icated model within the samebasic
framework.

What we have so far neglected to include is the presence of agents using
exogenous informat ion to in
 uence their t rading decisions. Possible sources
of exogenous informat ion are as vast as human imaginat ion itself: they could
for example range from economic indicators through to company reports and
rumor, or even `gut-feeling' and astrology! Within the context of our model
framework, st rategies employed based on these external sources of informat ion
are un-st rategic with respect to the endogenous informat ion, and as such repre-
sent a stochast ic in
 uence.

Such stochast icity, represent ing the response of agents to exogenous infor-
mat ion, can be incorporated into the models in a variety of ways. For example
a background level of stochast ic act ion could be assumed at each t imestep, or
be made to appear as a Poisson process with a given mean frequency. How-
ever, it seems most physically sat isfying to incorporate stochast ic act ion in the
form of an extra pair of st rategies for each (or at least some) agent : one buy
strategy, aR = 1, and one sell st rategy, aR = � 1. Agents could then be given
a probability of using each of these strategies in place of their `usual' chart ist
st rategies. Furthermore, the probabilit ies of using these strategies could be al-
lowed to evolve. This system of modelling response to an exogenous signal is
essent ially the `Genet ic Game' of Ref. [20]. Alternat ively, the probability of
using one of these strategies represent ing the response to an exogenous signal,
could be based on an endogenous market indicator. An example of this is the
mechanism of Ref. [6] of switching to f̀undamentalist behavior' . In the model
of Ref. [6], agents use strategy aR = sgn [p0 � p [t]] with a probability f which
increases with jp [t] � p0 j, where p0 represents a perceived f̀undamental' value
for the asset . This mechanism, which can be thought of as encoding the be-
havior of irrat ional fear, clearly acts to break the format ion of long trends since
the probability of t rading against the trend increases with the durat ion of the
trend itself. More generally, we suspect that among the agent-based market
models in the literature which manage to reproduce stylized facts, the inclusion
of some level of stochast icity within the model is crucial for helping to break up
unphysical dynamics and hence achieve market-like behavior.

8 St rat egy st ruct ure

In the framework of the MG, each strategy aR comprises the elements a�
R which

represent a response f � 1; 1g to each of the possible P values of the global
informat ion � (see Sect ion 2). In Sect ion 4, we ident i� ed the di� erent states
of the global informat ion � as corresponding to di� erent pat terns in the past
history of asset price movements (binary: up/ down). We can therefore think
of a strategy as a book of chart ist principles recommending an act ion for each
and every possible pat tern of length m. Each of these strategy `books' thus has
2m pages, one for each pat tern. There are 22m

possible books an agent can buy
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and use as guidelines on how to trade. An agent in possession of one of these
strategy `books' , whichever he chooses to buy, can � nd a page giving guidelines
on how to trade in every possible market state. The books are thus `complete' .

It seems unlikely however, that in reality such a `complete' book would exist
for any arbit rary value of m. Indeed, even if such a book did exist , it is unlikely
that a given market part icipant would consider all the pages as being true.
For example, page one of a strategy book may say that if the asset price has
fallen three days running, one should sell assets on the fourth day. Page three
may say that if the asset price has fallen, then recovered and then fallen again,
it is advisable to buy. The agent holding this book may well believe in page
one but think that the guidelines of page three are rubbish: in part icular, he
considers the pat tern down-up-down to correspond to no trading signal at all.
Th is agent would therefore cont inue to hold any previous posit ion he had if
he saw the pat tern down-up-down. We therefore propose a generalizat ion to
the strategy structure of the MG to account for the fact that st rategy `books'
may be incomplete, or equivalent ly that agents do not t rust some of the trading
signals.

Before t rading commences, each agent goes through each of her (complete)
st rategy `books' page by page, and decides whether she believes in the trading
guidelines given for each of the possible P = 2m market `signals' . The agents
choose to accept each page of each of their books with a probability pa . If the
agent rejects a page of the strategy `book' , they replace the suggested act ion for
t ime t, i.e. a� [t ]

R 2 [� 1; 1], by a null act ion a� [t ]
R = � . When trading commences,

the agents are then faced with deciding what course of act ion to take when
their st rategy `books' register the null act ion at t ime t. One type of possible
behavior would be to maintain their prior course of act ion, i.e. a� [t ]

R = a� [t � 1]
R .

Another alternat ive behavior would be to maintain their prior posit ion, i.e.

� i

h
(t + 1) �

i
= � i [t]. (This results in a� [t ]

R = 0 in $G11 type models and

a� [t ]
R = a� [t � 1]

R in $G13 models).
We now examine the qualitat ive di� erences between a model with this in-

complete strategy structure, and a model with complete strategies. For this
purpose we will assume a GCMG type model, i.e. a model with st rategy payo�
given by Equat ion 14. Figure 5 shows the result ing price and volume from two
market simulat ions with incomplete strategies, the probability of non-null ac-
t ion being pa = 0:3. These are compared with the GCMG which has complete
strategies.

The top-left chart of Figure 5 shows price and volume for a market where
agents maintain their previous course of act ion when they encounter a null
st rategy act ion. This market shows high volat ility in price, a high number of
very largemovements, and a background of high volumetrading with occasional
sharp spikes. We suggest that this behavior arises from the tendency of agents
to keep repeat ing their previous act ion in the absence of a new market pat tern.

4We use t he GCMG t o cont rast t he e� ect s of incomplet e st rat egies, since it s dynamics are
familiar and have been well-st udied. However our previous comment s regarding t he short -
comings of t he MG st rat egy payo� st ruct ure, should be kept in mind since t hey st il l hold.
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Figure 5: The contrast between the behaviour of models with incomplete strat -
egy `books' to those with complete ones. The top two � gures show price and
volume for a GCMG type model with incomplete strategies, pa = 0:3. The top
left chart represents a market of agents who maintain their previous act ion when
they encounter a null st rategy response a� [t ]

R = � . The top right chart represents
a market of agents who maintain their posit ion. The bot tom chart shows the
behavior of the GCMG for comparison. The parameters in all the models are
N = 501, s = 2, T = 100, and r = 4, with binary (� = sgn) st rategy rewards.
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Clearly then the l̀arge-movement ' states of up-up-up or down-down-down will
be occupied for longer than the `ranging' states (up-down-up etc.) because
these are the only states of � which can map onto themselves (� [t] = � [t + 1] =
� [t + 2] : : : ) thus providing no new market pat tern.

The top right chart of Figure 5 shows price and volume for a market where
agents maintain their previous posit ion (i.e. a� [t ]

R = 0 in this model) when they
encounter a null st rategy act ion. The volume in this market simulat ion is very
low, giving a consequent low volat ility. This is due to the fact that the agents
will not t rade unless they receive a market signal for which they have a non-null
st rategy act ion. This model st ill shows a high probability for price movements
which are large compared to the volat ility. These large movements occur in
moments of high agent coordinat ion, i.e. when many agents � nd they have a
strategy with the same non-null act ion. However in contrast to the previous
model, these large movements don' t seem to persist over many t imesteps.

It is interest ing to compare the stat ist ical features of these models featur-
ing incomplete strategies, with the features of the GCMG. Figure 6 shows the
volat ility and kurtosis of the price movements � P [t + 1; t] for a model with
incomplete strategies, as a funct ion of the probability pa that a strategy has a
non-null act ion for a given global informat ion state. The market model used
has the structure of the GCMG (N.B. for pa = 1, it is the GCMG) and features
the behavior wherein agents maintain their previous course of act ion when they
encounter a null st rategy act ion. As a consequence, the volat ility of the price
movements rises as pa is reduced since it leads to more persistence of agent
act ion and consequent ly bigger asset price movements. This a� ect can also be
seen in the kurtosis which grows rapidly away from the Gaussian case, since the
probability of large moves increases with falling pa . [For more details on the
nature of large movements in the GCMG, we refer to Ref. [21].]

9 M arket clear ing

In the preceding sect ions we havediscussed mechanisms through which � nancial
market agents come to make trading decisions about whether to buy or sell an
asset . In Sect ion 3 we made some suggest ions about how the combined act ion
of all these agents' decisions produced a demand, and how that demand then
a� ected themovement of theasset price. So far wehavenot explicit ly ment ioned
a mechanism by which the market clears, i.e. by which sellers of the asset meet
buyers. The discussion of speci� c clearing mechanisms amounts to a discussion
of speci� c market microstructure. However our goal here is to seek to be as
general as possible, and hence not limit the scope of our market models to any
part icular sector or style of � nancial market . We thus limit ourselves here to a
simplist ic discussion of market-making.

The � rst important aspect of the models we have considered so far is that
the agents make a decision about whether to buy or sell assets at t ime t based
only on the informat ion up to (but not including) t ime t. The orders as such
are considered as `market orders' because they are uncondit ional on the actual
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Figure 6: The volat ility and kurtosis for a market model with incomplete strate-
gies, asa funct ion of the probability pa that a strategy will havea non-null act ion
for a given global informat ion state. Circles correspond to values taken over the
last 1000 t imesteps of a 2000 t imestep run. The model parameters are N = 501,
s = 2, T = 100, and r = 4, with binary (� = sgn) st rategy rewards.
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t raded price p[t]. Orders whose execut ion depends on the traded price p[t] are
known as l̀imit orders' and are beyond the scope of the model types presented
here.

The presence of only market orders in our model brings us to the second
important considerat ion: the number of buy orders in general does not balance
the number of sell orders, i.e. in general D [t] 6= 0 since all orders seek execut ion
at t ime t irrespect ive of the price. There are two opt ions then of how the market
could funct ion. The � rst opt ion is to assume that the number of assets sold by
the agents must equal the number bought by the agents. In this case the total
number of assets t raded is given by,

vasset s [t] = min
�
nbuy

�
t �

�
; nsell

�
t �

� �

where nbuy is the number of agents who seek to buy, and nsell the number who
seek to sell. With this system, the agents in the majority group (buyers or
sellers) only get their order part ially executed: for example if nbuy = 40 and
nsell = 50, the sellers can each only sell vasset s [t] =nsell = 40=50 = 80% of a
quanta of assets. This is the system proposed in Ref. [6]. An alternat ive system
assumes that there is a third party, a market-maker, who operates between
buyers and sellers and makes sure that each and every order is ful� lled by
taking a posit ion in the asset herself. We then have that :

vasset s [t] = max
�
nbuy

�
t �

�
; nsell

�
t �

� �

and that the market-maker's inventory is:

� M [t] = � M [t � 1] � D
�
t �

�
(16)

Themarket-maker, unliketheagentswho just seek to maximizetheir wealth, has
the joint goals of wealth maximizat ion and staying market-neutral, i.e. as close
to � M [t] = 0 as possible. If the nature of the market is highly mean-revert ing,
the second of these condit ions will be automat ically t rue since

P t
j = 0 D [t] � 0.

In these circumstances, the market-maker should employ an arbit rage-free price
format ion process such as Equat ion 3 or Equat ion 4. If on the other hand the
market is not mean-revert ing, then the market-maker's posit ion is unbounded.
In these circumstances a market-maker should employ a price-format ion process
such as Equat ion 5 which encourages mean reversion through manipulat ion
of the asset price based on

P t
j = 0 D [t], as described in Sect ion 3. A market-

maker using a price format ion such as Equat ion 5 can however be arbit raged
by the agents. Whether the market-maker is actually arbit raged is then purely
dependent on the underlying dynamics of the market .

Let us demonstrate this by following Ref. [5] using a $G13 model. For this
model we have:

D
�
t � �

= A [t � 1] � A [t � 2] (17)

asshown in Sect ion 5. From Equat ion 16 wethen get that � M [t] =
P t � 1

j = 0 D [t] =
� M [0] � A [t � 1] This immediately tells us that the market-maker's inventory
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is bounded. The natural choice of price format ion process to use would then be
the arbit rage-free case of, for example, Equat ion 3. If we combine Equat ion 3
with Equat ion 17 we arrive at :

p [t] = p [0] e
A [ t � 1 ]

� (18)

We can thus see how the $G13 model produced the t ight ly bounded, jumpy
price series seen in Figure 1: the price at t ime t is no longer direct ly dependent
on the price at t ime t � 1 and is bounded by p[0] e� N

� � p [t] � p [0] e
N
� .

Given the behavior of the $G13 model, the use of the price format ion process
of Equat ion 5 seems rather unnecessary: the market maker does not need to
manipulate the price in order to stay market-neutral on average. However, let us
demonstrate the e� ect of using Equat ion 5 as in Ref. [5]. Combining Equat ions
5 and 17 with the market maker's inventory of � M [t] = � A [t � 1] we arrive at :

p [t] = p [t � 1] exp
�

1
�

A [t � 1] +
�

1
� M

�
1
�

�
A [t � 2]

�
(19)

Unlike Equat ion 18, Equat ion 19 gives us again a mult iplicat ive price process
for � nite values of � M . Although it seems an inappropriate step, we would
thus expect that int roducing Equat ion 5 as a price format ion process would
help regain some of the `stylized features' of a � nancial market inherent from
the mult iplicat ive price process. However, closer considerat ion of Equat ion 19
reveals something di� erent . Let us consider the case of A [t � 2] = A [t � 1].
In this case the price change is simply an increasing funct ion of A [t � 1]. If
more agents are long rather than short at t ime t (A [t � 1] > 0), then the
price movement � P [t; t � 1] is posit ive. The agents will then have bene� t ted
from a posit ive increment in their not ional wealth from simply holding their
posit ion. This manipulat ion of the (naive) market-maker leads to an unstable
state whereby the agents arbit rage the market-maker simply by holding their
long/ short posit ions and watching the price rise/ fall. Th is unstable state of
the market will occur with increasing probability as the agents become more
coordinated in their act ions, i.e. as m is decreased. For high m, where there
is no longer signi� cant agent coordinat ion and no crowding a� ects, the $G13
model with Equat ion 19 for the price format ion is able to avoid the unstable
at t ractor and thus produce more `market-like' t ime-series as demonstrated in
Ref. [5]. We can also examine the changing wealth of the market-maker by
simply employing Equat ion 9. We know that � M [t] = � A [t � 1], so Equat ion
9 combined with Equat ion 19 gives us:

� WM [t + 1; t] = � M [t] � P [t + 1; 1]

= �
1
�

A [t] A [t � 1] �
�

1
� M

�
1
�

�
A [t � 1]2 (20)

In the case of � M = � as in Ref. [5], we see can see - by taking a t ime average
of Equat ion 20 - that whether the market-maker's wealth increases or decreases
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with t ime will depend on the dynamics of the market . If the market is per-
sistent as in the unstable case at low m, the market maker loses wealth since
hA [t] A [t � 1]i > 0. Conversely if the market is ant i-persistent , the market-
maker will gain wealth since hA [t] A [t � 1]i < 0.

At � rst sight , it therefore seems that the $G13 model can generate a `reason-
ably market-like' state wherein the price is not unstable, it exhibits market-like
dynamics and has a market-maker who is able to make a pro� t from her role.
However, in order to generate this state it was necessary to use what seems to
be an inappropriate market-making mechanism and also push the model into
the uncrowded phase. Neither of these choices seem desirable in the quest for
producing a realist ic market model.

10 Conclusion

Following the int roduct ion to the community of the Minority Game, there have
been many proposed agent based market models, many of which exhibit the
`stylized facts' of � nancial market t imeseries in certain parameter ranges. It
seems however that many of these market models include one or more basic
assumpt ions which seem implausible when compared to the act ions of real � -
nancial market agents.

With the � rst `wave' of market models it seemed remarkable that so many of
the stylized features of real � nancial t imeseries were reproduced so well. With
more and more market model contenders entering the community, each with
a quite diverse set of assumpt ions, it started to look as though it was easy
to � nd models which would reproduce realist ic market-like dynamics. It has
been proposed [15] that general systems which have act ivity based on a wait ing
t ime problem, will all enjoy the scaling propert ies seen in � nancial market data.
Notwithstanding thisobservat ion, webelievethat it isnot at all obvioushow one
can produce a self-consistent market model which embodies, in a non-stochastic
way, the behavior of realist ic � nancial market agents, and yet can reproduce
the `stylized facts' of real � nancial markets. As we have shown in this work,
adaptat ion of the MG payo� st ructure to incorporate a more realist ic object ive
funct ion results in a model increasingly dominated by trending as agents' re-
sources are increased. As a result of this we are forced to look to a wider class
of agent behavior and heterogeneity in order to recover the dynamical behavior
we are looking for.

This paper has provided a discussion of di� erent aspects of market models
and how they interact with each other. Instead of proposing a unique new mar-
ket model of our own (thereby adding to the increasing family in the literature),
we have examined the di� erent features one may want to include in a market
model, and then discussed what their e� ect would be. We hope that the re-
sult ing discussion has managed to provide a basic of toolbox of model features,
brought together by a common formalism. Perhaps some opt imal combinat ion
of a subset of these model features will provide a new self-consistent , realist ic
yet minimal market model. However it is likely that one needs a diversity not
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only of agent parameter values but also of agent behavior, if one is intent on
forming the market model.

Finally we emphasize that this paper falls into the category of an inter im
progress report on our research in this area to date - a synthesis of our work
over the past few years and thoughts, part icularly in light of recent proposals
for modi� ed agent-based models. We would therefore welcome any comments
and, in part icular, crit icisms of our results and opinions. We also thank the
many people with whom we have enjoyed discussions about � nancial modelling,
both within and outside the Econophysics community.
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